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Abstract

Similarly to an acoustic wave, an internal gravity wave (IGW) can cause the drift of a dispersed
component in a two-component system, e.g. in a hydrosol or an aerosol. The IGW-caused particle drift
may play a significance role in many natural processes occurring in very large water reservoirs or air
volumes and thus is of interest for atmospheric and oceanic research. The analytical and numerical
calculations of the IGW-caused particle drift motion were performed in this study for the following two
sets of conditions: (i) propagating IGW in a horizontal infinite waveguide and (ii) standing IGW in a
rectangular resonator. It was shown that particles concentrate in certain areas of an IGW field as a
result of their migration. When IGW is propagating in an infinite waveguide, the particle drift causes
the vertical stratification and horizontal unidirectional motion. The particle size affects the shape of the
particle trajectories and the vertical component of the drift velocity in an infinite waveguide. In contrast,
the shape of trajectories in the IGW rectangular resonator is not affected by the particle size and IGW
intensity. The IGW-caused particle drift was shown to result in purification of a two-component system
or in its “‘structurization’ (the formation of purified areas of the fluid alternating with the areas loaded
with particles). These effects were found to be low energy consuming: ~10 J/m® of liquid. However, the
particle migration in the infinite waveguide and rectangular resonator is a very slow process, and the
time needed for an efficient purification of a fluid increases quickly with the decrease of particle size.
The particle coagulation is expected to significantly accelerate the fluid purification. Another way to
reduce this characteristic time is proposed through utilizing the horizontal component of the particle
drift in the semi-infinite IGW waveguide. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The particle motion in a fluid caused by an acoustic field includes a wave-generated
oscillation and a slow drift of the particles. Depending on the type of the acoustic wave,
particles are concentrated in certain regions of the acoustic field or/and exhibit
unidirectional motion (Bergman, 1957; Mednikov, 1963). For example, in the case of a
one-dimensional standing acoustic wave, the drift favors the stratification of multiphase
media so that the particles move to the planes where oscillation amplitude reaches its
maximum or minimum value (King, 1934). Standing acoustic waves have been extensively
used for precipitation of particles from highly-concentrated aerosol systems because they
promote intensive particle coagulation. In the case of a propagating (traveling) acoustic
wave, the unidirectional particle drift emerges along with the transversal drift stratification.
This allows the particle extraction from liquids and gases regardless of their coagulation
rate and thus makes the extraction efficiency essentially independent on the particle
concentration in the fluid. The acoustic drift has been studied by King (1934) for the
standing and propagating waves. The King’s theory can be applied to sufficiently large
particles (the particle Reynolds number Re, > 1), when the so-called radiation pressure
force F is determined primarily by inertial properties of the fluid. In this case, F is
proportional to dV/dt, where Vi is the particle velocity with respect to the fluid. The
acoustic drift of relatively small particles (Re, < 1), for which the fluid viscosity effect is
essential and F is proportional to Vi, has been studied by Westervelt (1950), Duhin
(1960), Vainstein et al. (1992) and Redcoborody (1995). It has been shown that the
particles migrate to the nodes of the one-dimensional standing acoustic wave (Dubhin,
1960; Vainstein et al., 1992), while the propagating wave causes homogeneous particle
migration in the wake of the wave (Westervelt, 1950; Redcoborody, 1995).

The internal gravity wave (IGW) that has been observed in the earth and solar atmospheres
(Gossard and Hooke, 1975; Priest, 1984) and in the ocean (Lighthill, 1978) is characterized by
much lower frequency (e.g., about 1072 Hz, Lighthill, 1978). While the restoring force for an
acoustic wave is caused by the pressure gradient, the IGW is associated with the buoyancy
force (i.e., the difference between the Arhimedus and the gravity forces). The word ‘‘internal”
is used to differentiate the IGW from a surface gravity wave (SGW) which propagates along
the interface surface between two fluids (Landau and Lifshitz, 1986). The IGW may affect a
two-component system by causing the particle drift motion, similarly to the acoustic wave. As
IGW has significantly greater wavelength and much smaller group velocity compared with the
acoustic wave, the particle extraction from liquids and gases due to the gravity wave drift is
expected to be efficient and low energy consuming. The extremely low frequency of IGW
makes the limitation of Re, < 1 justified for various applications of the particle drift effect in
suspensions and aerosols. In this situation the fluid viscosity effect is predominant while the
particle inertia effect is negligibly small. Although IGW is generally associated with very large
fluid volumes (in the order of 100 m or km), it may be excited in a waveguide or a resonator in
a characteristic dimensions as low as several meters (Stevenson, 1973).

In this study, we investigated the drift of spherical particles in a liquid caused by the two-
dimensional IGW. The drift characteristics were determined analytically and numerically for
the two-dimensional horizontal infinite waveguide (propagating wave) and the rectangular
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resonator (standing wave). It was shown that the particles migrate and concentrate in certain
areas of the IGW field which may lead to the purification of suspensions due to structurization
of these two-component systems. This effect appeared to be low energy consuming, but the
migration velocity in the resonator and its vertical component in the infinite waveguide were
found to be very low. Thus, the fluid purification process (associated with its structurization) is
very slow, especially for relatively small particles because the time needed for an efficient
purification increases quickly with the decrease of particle size. When propagating in the
infinite waveguide, IGW causes vertical stratification which is accompanied by the horizontal
unidirectional motion of particles with considerable rate. This rate was shown not to be
affected by the particle size. The method of accelerating the IGW-caused structurization is
introduced and evaluated in this study through utilizing the horizontal component of the
particle drift in the semi-infinite waveguide.

2. Basic equations

2.1. Spherical particle under viscous force

The motion of an essentially inertialess particle (Re, < 1) in a continuous medium is
governed by the Stokes law (Batchelor, 1967)

F=06nvpR,Vy. (1)

where v and p are the fluid kinematic viscosity and density, respectively, and R, is the particle
radius. Since it is assumed that the particle density p, is approximately equal to the density p
of the liquid, the buoyancy force (which is proportional to Rg) becomes negligibly small. If the
size of a spherical particle is significantly smaller than the characteristic space scale, the particle
motion equation is

myit = Ky [V(r, 1) — F], (2)

where K, = 6nvpR,; V(r, t) is the liquid velocity at point r, where the particle is located, and
my, is the particle mass. This model is applicable when the particles suspended into a liquid
have approximately the same density as this liquid, i.e. the buoyancy force is neglected. In two-
dimensional case the components of Eq. (2) are

X + X = Vi(x, z, 1); 3)
Tz t+z=V.(x, z1), 4)
where
20,R;
Tp = bl b -3 (5)

9 vp
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2.2. Internal gravity wave

To describe the wave-like two-dimensional motion in the ideal fluid exposed to the uniform
gravity field, the standard hydrodynamic equations (Lighthill, 1978) are utilized as follows:

au Bp
6
Po%r = Tax ©)
ow ap’

2 7
Po5: o —&rs (7
ap’ ou ow dpg

DT 0 _ - ]
8t+p0<8x+82)+wdz 0 ®)
ap’  dpo (ap dpo)

= 9

o TV ¢ LT 2
These equations are linearized with respect to initial state which is described as

Vo =0; po = po(2); po = po(2); Vpo = pog; To = const; p' = p —po; p' = p — py. (10)

Here the subscript 0 represents the liquid undisturbed by the wave; u and w are horizontal and
vertical components of the velocity V, respectively; x and z are the axes directed horizontally
and vertically (upward), respectively; ¢ is the sound speed.

As the parameters of Egs. (6)—(9) are not dependent on the time ¢ and on the x-coordinate,
these differential equations can be simplified to a system of algebraic equations. After solving
this system with respect to w, the inverse Fourie transformation leads to the following single
equation:

92 1 ow 32 1 o%w
— | AW — —— |+ N —w— =— = 11
azz[ H, 82] ox2"  Zox? (1
Here
1 dp, -
Hy=—-(—2) ; (12)
po dz
N is the so-called Brunt-Viisild frequency (Lighthill, 1978):
1/2
d 2
NE[ Eﬂ—%} . (13)
po dz ¢

Similarly,
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0%u 1 3%u 1 3w 1 aw 1 du 3w
TS T A —raa oAttt =0. (14)
ax gH, 0t g axot Hyox godzot 0x0z

The solution of Egs. (11) and (14) for the low-frequency small scale IGW can be expressed in
the following form

w(x, z, 1) = W(x, z)e_i“” (15)
where

w<N, (16)

}“X; /IZ << HO, (17)

Ay and /. are the horizontal and vertical wavelengths, respectively. Due to the conditions
expressed in Egs. (16) and (17), the second and the third terms of Eq. (11) are negligibly small.
Thus, in the case of a low-frequency small-scale IGW, Eq. (11) is simplified as

92 ) FR
Similarly,
ou ow
ax 9 (19)

3. IGW-caused particle drift in horizontal infinite waveguide

3.1. Analytical model

The two-dimensional IGW is considered in a horizontal waveguide of the infinite length and
limited height. Assuming that the liquid fills a waveguide with horizontal rigid boundaries, the
boundary conditions for w(x, z, f) are

le:O = W|z:/1 = 07 (20)
where / is the waveguide height. After substituting Eq. (15) into Eq. (18), we have
N N2\ .
Wz + (1 — —2)wxx =0. (21)
W

From Egs. (20), (21) and (15), (19), respectively, the vertical w, and horizontal u, components
of the liquid velocity in the #-th mode can be obtained as

wa(x, z, 1) = —Ck sin(nhnz> sin(kx — w,t) (22)
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and

Up(x, z, 1) = —CTCOS(TZ)COS(!CX — wyt) (23)

Here k is a horizontal wavenumber and frequency w, is determined by

2
2 2 k

©n K2+ n2n2/h?

(24)
n=1,2,3,...; value C is an arbitrary constant. Egs. (22) and (23) show that the IGW in a
horizontal waveguide of the infinite length and limited height represents the composition of the
transversal standing wave and longitudinal propagating wave.

Substituting (22) and (23) in (4) and (3), respectively, the nonlinear equations of the particle
motion in the IGW field are obtained in a non-dimensional form as

an” +n' = —p siny sin(¢ — 0) (25)
and
al” + & = —p cos n cos(¢é — 0). (26)
Here
E=kx, n= %nz, 0 = wyt (27)
and
Cknn

o= w,T, P= (28)

hw,
are non-dimensional variables (¢, #, and 0) and parameters (« and f); 1, is determined by Eq.
(5). In the case of the linear approximation of the IGW, i.e.,f < 1, the solutions of the set of
nonlinear non-autonomic Egs. (25) and (26) can be obtained with the sufficient accuracy in the
following form (Kapitza, 1951)

EO) = Eg(0) + &,(0); n(0) = no(0) +n,(6), (29)

where ¢jand #n; are small perturbations oscillating with the period 2n whereas &, and #, are
slow drift components of the particle motion, [£;(0)] << [(0)], [7,(0)] << |ny(0)]. The
functions &;(0) and #,(0) can be obtained as solutions of Eqs. (26) and (25), respectively. To
derive the equations for &y(0) and ny(0) the right-hand sides of (25) and (26) are expanded in
powers of ¢; and 7, taking into account the first order terms only:

ong +ng -+ omy 41y = —p(sin ng + 1y cos ny)[sin(y — 0) + & cos(&y — 0)] (25a)
and

aly + &y + ol + & = —(cos ny — 1 sin no)[cos(éo —0) — & sin(&y — 0)] (26a)
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The two terms of each equation, representing an oscillation and a smooth variation,
respectively, can be mutually cancelled.
Separating the oscillating terms, we obtain that

o + 11} = —f sin g sin(Zy — 0) (25b)

&y + & = —p cos ny cos(&y — 0) (26b)

When integrating, 7, are &, treated as constants. The right-hand sides of Egs. (25b) and (26b)
are modified utilizing the following expressions: 2isin(&y — 0) = exp[i({y — 0)] — exp[—i(Eg — 6)]
and 2 cos(&, — 0) = exp[i(&y — 0)] + exp[—i(&y — 0)], where i = ~/—1. Both equations are further
modified using exp(6/a) as a multiplying factor. Thus,

[ sin 5y cos(&y — 0) — aff sin 1 sin(&y — 0)]

m(0) = C, + Cy exp(— 0/a) — (1 +02)

(25¢)

and

[[)’ cos 1), sin(&y — 0) + aff cos i, cos(Ey — 6)]
(1 +a2)

where C;, C,, C;, and C4 are constant. If 0 > o, C;exp(—6/a) and C4 exp(—6/a) are both
neglected.

The above expressions of #7,(0) and &;(0) are used in Egs. (25a) and (26a) to obtain the
smooth variation terms. The equations are then averaged over 2z interval of 0 (y,(0) and &,(0)
are treated as constants). This leads to the following equations of the particle drift in the field
of the IGW:

&(0) = C3 + Cyexp( — 0/a) +

(26¢)

any + 1y = —%sin@no) (30)
and
ﬁz
O(é(/)/ + 5(/) = mCOS(Zno). (31)

It is evident that for f « 1 the characteristic time of the particle drift is much greater than the
period of oscillations, i.e. the non-dimensional time scale 7, of the functions £y(0) and #y(0) is
sufficiently large:

T > 2m. (32)

If particles up to 1 mm in size are dispersed in a water suspension (1, < 10~ s) and the IGW
frequency is w, ~N~(1073=10"") s7! (see Lighthill, 1978), then

o= w,T, K 1. (33)

Conditions (32) and (33) allow us to neglect the first terms of the left-hand sides of Egs. (30)



1312 S.A. Grinshpun et al. | International Journal of Multiphase Flow 26 (2000) 1305-1324

and (31) and due to this fact the particle drift equations are reduced to

2
ny = —%sin@no) (34)
and
2
éé = mCOS(zf’IO). (35)

Eq. (34) describes the vertical drift motion, while Eq. (35) describes the combination of the
vertical and horizontal ones.
The expression for the vertical drift velocity (Eq. (34)) has the following equilibrium points:

nOIﬂ:gma m:Oyl,...,Zn (36)

For the even m-values, Eq. (36) represents attractive planes while for the odd values it
represents repelling planes. The general solution of Eq. (34) can be found in the following
form:

1 — Cyexp(—240)

2n, = 37
o8l = 11 Co exp( —2A40)° 37)
where
af? 1 — cos 217,(0)
A= : = 2 ° 38
14+ a2’ Co 1 + cos 21,(0) (38)
In particular, if 0 < 5,(0) < /2, then
1 |1 —=Coexp(—240)
0) = = ! 39
1o(0) = cos [1 ¥ Co exp( — 240) (39)

At 0— + oo the particles migrate to the bottom of the waveguide: n,(0)—0.

The vertical particle drift in the horizontal waveguide results in the particle stratification.
The characteristic non-dimensional time of the stratification (the time interval needed for the
particle to reach the vicinity of the nearest attractive plane), can be estimated using Eq. (38)
that at o < 1 reads as

Ty~ — ~ . (40)

Hence, the particles concentrate near the attractive planes 1, =ns (s =0, 1,...,n) with the
mean velocity that is proportional to the square of the particle size (see Egs. (5) and (28)) and
to the IGW intensity (see Egs. (22) and (28)).

Eq. (35) for the horizontal drift motion can be integrated if the vertical drift component is
known (see Eqgs. (37) and (39)). If the particle has reached the attractive plane due to its
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vertical drift, then the solution of Eq. (34) reads

(@ =mns, s=0,1,...,n, 41)
and the solution of Eq. (35) reads
B2
~ 42
50(0) Cl + 2(1 + 062)0’ ( )

where C, is an arbitrary constant. Eq. (42) represents the unidirectional uniform particle drift
in the horizontal direction with the following non-dimensional velocity:

A_dfo_ B’

=0 = 05 )

It is concluded that if o < 1 (which represents a typical situation of the dispersed system
exposed to the IGW, see Eq. (33)), the horizontal drift velocity does not essentially depend on
the particle size and is determined only by the parameters of the waveguide and the IGW (see
Eq. (28)).

The particle drift trajectories #,(y) can be found when Eq. (34) is divided by Eq. (35) so
that dn,/dy = —oftan(2n,)]. The general solution of this equation is

sin[2n(&)] = [sin(219(0)) Jexp( — 20:&), (44)

where 17,(0) = 17yl¢,—o- In particular, when 0 < 5,(0) < n/4, the particle trajectory is described
by the following equation

Mo(Go) = gsin~[sin(20(0)) exp( — 22,). (45)

The trajectories of particles initially located at points (0; ©/4) and (0; 3n/4) in the IGW-mode
with n = 1 were found from Eq. (44). The calculations were conducted for the two fractions of
particles of a unit density dispersed in a water suspension and exposed to the IGW with w =
107" s7" (N=10""s7"): R, = 100 pm (2~ 10~*) and 500 um (x~ 10~3). The results are shown
in Fig. 1. It is seen that the shape of the particle trajectory essentially depends on the value of
o, 1.e., on the particle size, see Eqs. (28) and (5). The figure also shows that the particle
migration from the repelling plane to the nearest attractive plane becomes more efficient with
the increase in o. This effect is explained by the fact that the vertical drift velocity in the
waveguide is proportional to « (see Eq. (34)), whereas the horizontal velocity does not depend
on o at « < 1 (see Eq. (35)).

3.2. Computer simulation

The results presented above were obtained through analytical solution of nonlinear Egs. (25)
and (26); this solution was found as a result of the approximation of the particle motion by
Eq. (29) at f <« 1. In order to further explore the IGW-caused particle drift motion and
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R=500 um, a=5.55x10"

R=100 um, a=2.22x10"
3n/4

(=]
o A
R =500 um, a=5.55x10"

R=100 pm, a=2.22x10"

-15 0 15 30 45 60 75

So

Fig. 1. Particle trajectories in the horizontal infinite IGW waveguide (analytical calculation).

evaluate the above approximations, the computer simulation of the IGW-caused particle
motion in the horizontal waveguide was performed.

The Cauchy problem that includes the nonlinear non-autonomic Egs. (25) and (26) subjected
to the initial conditions, described as 6 =0, &(0) =0, n0)=mn/4, '(0)=7n'(0)=0, was
numerically solved using the Runge-Kutta algorithm of the 4th order with the fixed stepsize.
The following parameters were used: f = 10""; o = 1074 10731072 107" 1. The stepsize was
chosen through several iterations; the total absolute error was not to exceed 107%. To control
the accuracy of this numerical solution, some additional numerical simulations were performed
using the fifth order Runge-Kutta algorithms with the Merson remainder term. The
computations started at n = n/4 and were interrupted at n = 10~*.

The numerical simulation data obtained as the time-dependent functions, #(6), are shown in
Fig. 2. The results represent the superposition of the two components: the oscillation motion
and the drift motion of the particles in the field of the IGW (the oscillation pattern is shown
on the figure). Fig. 2 demonstrates that the liquid get purified with the time due to the particle
migration to the bottom of the waveguide (at n=1). If » > 1, the two-component system
develops some specific structure as the particles concentrate near the attractive planes.
However, the vertical drift appears to be a very slow process, especially for relatively small
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Fig. 2. Particle verticle drift with the time in the horizontal infinite IGW waveguide (numerical calculation).

particles (¢ < 1). For instance, the time needed for the entire purification of the water
suspension with particles of 100—500 um due to the IGW-caused vertical drift can be as long as
several days.

The data obtained numerically were averaged by eliminating the oscillation component and
then compared with the results obtained analytically in Eq. (39). The numerical and analytical
values agreed with each other very well: e.g., the difference in y-values did not exceed 1% for
o = 1, p ranging from 0.01 to 0.1, and 0 > t,.

4. IGW-caused particle drift in two-dimensional rectangular resonator

4.1. Analytical model

Assuming that the liquid fills a two-dimensional rectangular resonator (L x /) with rigid
boundaries, the boundary conditions are

le:O = W|z:h =0; ulx:O = Z’t|x:L =0. (46)

The IGW velocity field in the resonator can be calculated using Egs. (15)—(19) and (21) as
Wum(X, 2z, 1) = C sin(%z)cos (%x)cos(wnml) (47)

and
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L
Unm(X, 2, 1) = —C(Z%>cos(%z) sin <%x) cos(wWpmt) (48)

Here frequency w,,, is determined as

2 2
m-/L
0)2 = 2 /

Y S 4
nm mz/L2+n2/h2’ ( 9)

m,n=1, 2, 3,...; Cis an arbitrary constant. Eqgs. (47) and (48) show that the IGW-mode in
the resonator represents the combination of the vertical and horizontal standing waves.

Substituting (47) and (48) in (4) and (3), respectively, and introducing the non-dimensional
variables

E= @x; n= %nz; 0 = Wt (50)

and parameters

Cnn
o= WunTp; P = - (51)
the equations of the particle motion in the rectangular IGW resonator are obtained as
an” +n' = B siny cos & cos 0 (52)
and
al” + & = —B cosnsin & cos 0. (53)

Similarly to the solution found for the waveguide at <« 1, the equations for the particle drift
components in the rectangular resonator are

2
VA / o .
oy + 1y = ) _sz)sm 1o €OS 1, (54)
and
” ’ Ofﬁz .
O(éo + éo = _mSln éo Cos éo. (55)

When conditions (32) and (33) are applied, the first terms in the left-hand sides of Egs. (54)
and (55) can be neglected. Thus, these equations can be transformed into

af?

17(/) = —msin 1’]0 COS 7]0 (56)
and
) ap®
o —msm &o cos &. (57)
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When
0<éy<m, 0<p,<m, (58)

Eqgs. (56) and (57) possess the following equilibrium points:
0;0), O;m), (mm), (m0); (59)

T T
(55
03 (o) (=) ()

Eq. (59) represents the points of stability, i.e. the points-attractors; Eq. (60) represents the
point-repeller; Eq. (61) represents the saddle-like points.

Egs. (56) and (57) represent the particle trajectory equations which after being integrated can
be expressed as

1 4cos(2ny) c 1 + cos(2&)

= , 62
1 — cos(2np) 1= cos(2&,) (62)
where C, is an arbitrary constant. In particular, if 0<#y(y) <=n/2, Eq. (62) yields
1 + cos(2&y)
_ L] CT—cos(2g)
770(60) - ECOS 1+ COS(260) (63)

——+1
- cos(2&y) +

The particle drift trajectories calculated using Eq. (63) are shown in Fig. 3. The particle
migration from the repelling points (empty circles) to the attracting points (filled circles) is
shown by arrows. The saddle-like points are marked with a cross. It is important to stress that
the shape of particle trajectories in the resonator is not affected by parameters ¢ and f i.e. does
not depend on the particle size and IGW intensity. This conclusion is suggested by the fact
that the functions of the vertical and the horizontal drift components are identical with respect
to o and f (see Egs. (54) and (55)).

The non-dimensional time scale 7, was determined using Eqs. (56) and (57) and appeared to
be the same as described by Eq. (40), i.e. the mean drift velocity in the two-dimensional
resonator is proportional to the square of the particle size and to the IGW intensity. The
quantitative analysis shows that the IGW-caused structurization in the resonator is as slow as
the vertical drift process in the waveguide.

Thus, the IGW-caused particle drift can result in the two-dimensional structurization of the
two-component system (e.g., a hydrosol) in the resonator. The particle concentration increases
with the time in the vicinity of the attractive points and decreases near the repelling points (see
Fig. 3). It seems to be rather complex to provide an accurate analytical prediction of the
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Fig. 3. Particle trajectories in the rectangular IGW resonator (analytical calculation).

particle behavior near the saddle-like points because of the non-autonomic nature of Egs. (52)
and (53).

4.2. Computer simulation

When considering the standing IGW in the resonator, the particle motion near the saddle-
like points can be studied by a computer simulation. The particle motion is governed by basic
non-dimensional Egs. (52) and (53). The numerical simulations were conducted at = 10"
and o = 1073 and 1072. First, a single particle motion was simulated. Second, the ensemble of
1000 particles was studied.

The numerical solution of Egs. (52) and (53), found at « = 102 for a single particle initially
located in the vicinity of the repelling point (n/2; n/2), are presented in Fig. 4. The shape of
the numerically calculated trajectories represents the particle drift accompanied by their
oscillating motion (the curves in Fig. 4 are not smooth like those obtained analytically and
shown in Fig. 3). The arrows in Fig. 4 show that the particles migrate to the attractive points,
thus decreasing the particle concentration near the repelling points. The data presented in Fig. 4
were averaged in order to eliminate the oscillation component. Based on these ‘“‘averaged”
trajectories, it was concluded that the particle drift trajectories in the resonator described
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Fig. 4. Trajectories of a single particle initially located in the vicinity of the repelling point (7/2; m/2) in the
rectangular IGW resonator (numerical calculation).

respectively by the numerical and analytical solutions are quantitatively the same. This
conclusion was confirmed when conducting calculations with o = 1073,

For the particle ensemble, the particle behavior was studied near the points of their
concentration, i.e., the attractive and saddle-like points. The calculations started at the initial
moment, 0 =0, when the particles were assumed to be stochastically distributed inside the
region of 2m x 2x with &'(0) = 5(0) = 0. The patterns that represent the six time points, 6 = 0,
2x 104, 5 x 10% 10°, 2 x 10°, and 4 x 10%, are shown in Fig. 5. It is shown that the structure
of a dispersed system changes with time, since the particles are concentrating at the attractive
points of the resonator. Some particles first move to the saddle-like points (it is clearly seen at
0 =2 x 10°) and then finally join other particles in the attractive points (seen at 0 =4 x 10°).

The computer simulation confirms that the particle drift in the IGW field generated in two-
dimensional resonator results in the particle structurization. The characteristic time of the
development of the structurization process appears to take a few days (0~ 10*-10°, see Fig. 5),
which agrees well with Eq. (40).

5. Method for acceleration of IGW-caused structurization

The results presented above show that in practical situations the vertical drift in the infinite
horizontal waveguide and the two-dimensional drift in the resonator are very slow which
results in the rather slow structurization of the two-component system. This section introduces
the method for the significant acceleration of the IGW-caused structurization, which utilizes
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Fig. 5. Particle patterns in the rectangular IGW resonator at different time points (numerical calculations).
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the horizontal component of the particle drift motion in the infinite waveguide. The horizontal
drift velocity component may be relatively high, as assessed by Eqs. (43) and (27). The particles
in the infinite waveguide follow the curved trajectories so that some of them move in the wake
of the wave and some do in the opposite direction (see Fig. 1). When the waveguide is semi-
infinite (the IGW radiator represents the ‘““vertical boundary’), some particles move toward the
radiator and deposit on its surface while other particles move away from the radiator thus
purifying certain areas. This is schematically displayed in Fig. 6 which represents the case n =
1. The particle concentration decreases in the regions marked by symbol “1” (near the
waveguide horizontal boundaries), whereas their concentration increases in the region marked
as “2” (the waveguide center). The particle concentration remains essentially the same in the
intermediate region ““3”. In the general case (n>1), the layers of a purified fluid (total of n+ 1)
will alternate with the layers loaded with particles (total of n).

Eq. (45) suggests that the lower is a (i.e. the particles size), the greater is the width of the
“clean” regions. The velocity of particles moving in region “1” away from the radiator is
determined primarily by the horizontal component of the drift and can be obtained using Eq.
(43). If o < 1, the horizontal drift velocity is estimated as

2
wn / a)l’l
a = ?fW?ﬁ? 64)

For soft isothermal water (see Lighthill, 1978)
wp~N~1073 571 (65)

Assuming # = 0.1 and of A,~ 10> cm, the drift velocity is in the order of

ug~1 cm/s. (66)
1 =
3
S
0
©
© 2 =
=
Q
3
1 =

Fig. 6. Particle horizontal drift in the semi-infinite IGW waveguide (schematics).
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It is remarkable that this value does not depend on the particle size and is determined only by
the IGW parameters. The energy needed to purify the volume of 1 cm® can be evaluated as

2
Dol u

8/\/70 n g
Uq

; (67)

where u, and uq are defined by Egs. (23) and (64), respectively; u, is the horizontal component
of the IGW group velocity. If the waveguide height is #~10 m, we estimate k.~n/h~1073
cm, i.e., k. > k.~mn/l.. Utilizing the standard equation for the group velocity (Lighthill,
1978), we obtain

N

- (68)

Using the above indicated assumptions, we estimate that eé~10~° J/em® = 10 J/m’, which
appears to be a very low energy consumption due to the low group velocity value: u, ~1 cm/s,
see Eq. (68).

It is concluded that the semi-infinite waveguide allows us to significantly increase the
structurization rate using relatively small energy resources. In addition, the model of the semi-
infinite waveguide with the IGW radiator as a vertical boundary seems to be more realistic
than the infinite waveguide model, since in the former one the radiator may effectively serve
for the IGW excitation.

6. Discussion and conclusions

Internal gravity waves have much lower frequency and smaller group velocity compared to
acoustic waves. Similarly to acoustic waves, IGWs generate the particle drift in a two-
component system.

The analytical and numerical calculations of the IGW-caused particle drift were performed
for the following two situations (i) the propagating IGW in the horizontal infinite waveguide
and (i) the standing IGW in the rectangular resonator. The particle trajectories in the IGW
horizontal waveguide were found to be more complicated than those generated by an acoustic
waveguide. Indeed, IGW causes the transverse stratificating drift accompanied by the
longitudinal drift, while in the acoustic waveguide the particles migrate in the wake of the wave
(King, 1934; Redcoborody, 1995). The standing IGW and the acoustic wave in the rectangular
resonator feature similar particle drift characteristics.

The data on the particle drift in low-frequency standing IGW obtained in this study show a
good qualitative agreement with the results obtained by Dain et al. (1995) for the particles in a
two-dimensional high-frequency sonic field. One example of this similarity is the emergence of
knots (attractive and repelling points) and saddle-like points. For the domain considered in the
paper by Dain et al. (1995), there exists an additional side drift along the nodes and antinodes.
It should be noted that both the low-frequency waves (such as IGW) and the high-frequency
sonic waves may be utilized for cleaning suspensions from the particles.

As a result of the particle migration in the IGW field, the particles concentrate in the certain
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areas of the field. The particle size was found to affect the shape of particle trajectories and the
drift velocity in the infinite waveguide. In contrast, the shape of trajectories in the IGW
rectangular resonator was found independent on the particle size and IGW intensity.

The 1IGW-caused particle drift may result in the partial purification of a two-component
system associated with its structurization. The latter is characterized by the formation of
alternating areas of the fluid: an entirely purified layer (does not contain any particles)
alternates with a layer loaded with particles. These effects require a relatively low energy, about
10 J-m® (much lower than that of the acoustic wave).

The particle migration for the two above indicated situations was found to be a very slow
process and, therefore, the time needed for an efficient purification (or structurization) of a
fluid is rather long and increases quickly with the decrease in particle size. However, the
particle coagulation (not considered in this study) may significantly reduce the actual time of
this process. The oscillating and drift motion favors coagulation so that this effect may be
pronounced even if the initial particle concentration is relatively low. The effect of o on the
particle drift rate, or in other words its particle size dependence, suggests that this phenomenon
is similar to the so-called gravity coagulation (Khrgian, 1986), which is extremely efficient in
warm atmospheric clouds at low aerosol concentrations. In addition, the effect of « on the
amplitude of oscillation also promotes the particle coagulation.

Even if the role of the particle coagulation is neglected, the partial purification of a two-
component system can still be significantly accelerated through utilizing the horizontal
component of the particle drift in the semi-infinite IGW waveguide described in Section 5. In
this model, the liquid fully purifies from particles near the radiator, and the area of purification
expands along the waveguide with the velocity of the order of 1 cm/s (in the absence of
convection).

While the IGW field was found to generate a considerable stratification, this stratification
may be potentially reduced by the Brownian diffusion. Therefore, we assessed the Brownian
diffusion effect as described below. The coefficient of Brownian diffusion, D, was determined by
the well-known Einstein’s expression (Huang, 1963):

ko T

. 6
6mpvR,’ ©9)

where k, and T are the Boltzman constant and the temperature, respectively. The characteristic
time 14 of the particle diffusion motion to the distance S was estimated as

_S*_ S*6mpv

Td = D = va (70)

The characteristic time 7, of stratification under IGW was determined from Eq. (40) as

L w1

Ty~

(71)

Thus, 74 increases with the increase of R, while 7, decreases at the same time. Assuming that
w~0.1s"", f~0.1, S~10 m, we conclude that the equality of 74 = 7, may occur in water if
the size of suspended particles is R,~0.1 um. For the larger particles, 74 > 7,. This estimation
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shows the Brownian diffusion is insignificant, at least, for the space scales of .S > 10 m. Also,
the Brownian diffusion cannot make the stratification quickly disappeared with time once the
wave field is shut down: for the above indicated conditions, the IGW-generated stratification
may essentially dissipate in about 10° years.

The IGW-caused particle drift may play a significance role in many natural processes
occurring in large water reservoirs with low convection and thus may be of interest for
atmospheric and oceanic research.
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